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Let t” be a vector of n positive integers that sum to 2n - 1. Let u denote a vector 
of n or more positive integers that sum to n’, and call u n-universal if for every 
possible choice of t’, t2 ,..., t”, the components of the t’ can be arranged in the 
successive rows of an n-row matrix (with 0 in each unused cell) so that u is the 
vector of column sums. 
It is shown that (n,..., n),, times, is n-universal for every n. More generally, for odd 
n, any choice of t’, t3 ,..., t” can be placed in rows so that the column sums are (n, 
n - I ,..., 2, I); for even n, any choice of t*, t4,..., t” can be placed in rows so that 
the column sums are (n. n - l,..., 2, 1). Hence, any u that can be obtained from the 
sum of two rows whose nonzero components are, respectively, n, n - l,..., 2, 1 and 
n - I, n - 2,..., 2, 1 (in any order, with O’s elsewhere) is n-universal. 
The problem examined b closely related to the graph conjecture that trees on 2, 
3,..., n + 1 vertices can be superposed to yield the complete graph on n t 1 vertices. 
1. INTRODUCTION 
The aim of this note is to prove 
PROPOSITION 1. If n > 1 and t’ for i = l,..., n, is a vector of i positive 
integers that sum to 2i - 1, then there is an n x n nonnegative matrix each of 
whose columns sums to n such that the nonzero entries in row i are a 
permutation of the components oft’ (i = l,..., n). 
We actually prove a stronger result that yields other column-sum patterns, 
such as (1, 3, 5 ,..., 2n - l), (1, n + l,..., n + l), and so forth. 
Proposition 1 arose from the graph conjecture [ 1,2] which says that, 
given n trees with 2, 3,..., n + 1 vertices respectively, the vertices of each tree 
can be labelled with distinct integers from {l,..., n + 1) so that the super- 
position of the labelled trees is the complete graph on {l,..., n + 1 } (see 
Scheme 1). 
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R. L. Graham noted that if this were true, then the degree sequences of the 
trees could be packed into the rows of an n X (n + 1) matrix with O’s in 
unfilled cells such that the column sums were all n (degree sequence of 
complete graph). Since t’ in Proposition 1 is the degree sequence of a tree on 
i + 1 vertices with one 1 removed, Graham’s packing is valid. In fact, one of 
the n + 1 columns can be tilled with the l’s removed from the degree 
sequences. 
2. DEFINITIONS 
Several definitions and notations will prove useful. Let P be the set of 
denumerable, nonnegative integer vectors p = (p, , pz ,...) with Cpi < CQ. 
Write p =: q to mean that some permutation of q equals p. The principal of a 
z equivalence class in P is the member of this class for which p, >pz > ... . 
We often omit trailing O’s from principals and other vectors in P. 
For convenience, n repeated m times may be written as n,, so 32,1, = (3, 
2, 2, 2, 1, 1) = (3, 2, 2, 2, 1, 1, 0 ,... ). Moreover, n = (n, n - 1, . . . . 1). 
Let r, be the set of principals with n positive components that sum to 
2n- 1. Thus T,=(l), r,={21}, r,=(311,221}, and T,= 
{41,, 321,,2,1}. A typical member of T,, is t”= (t;,..., tz) with 
tyat;> *.. >tz>l andCty=2n--1. 
For any p, q E P, let 
p @ q = {p’ + q’: p’ zp and q’ x q}, 
p W q = (p’ + q’: p’ zp, q’ z q, p/q: = 0 for all i), 
where addition for p’ + q’ is by components. Thus, (11, 10, 5) = (2, 3, 1) + 
(9, 7, 4) E (3, 2, 1) 0 (9, 7, 4), and (4, 7, 3, 9, 1, 2) = (4, 7,0, 9, 0, 0) + (0, 
0, 3, 0, 1, 2) E (3, 2, 1) w  (9, 7, 4). When p, q, r, s E P, we define 
[pOr]~[qOs]=U,,,{a~b: aEp@r, bEq@s}, and [pwq]@ 
[r w  s] = Ua,h {a @ b: a E~W q, b E r w  s}. It is easily seen that [p @ r] w  
k?osl c [PW410 frWs1. 
Finally, we say that u E P is n-universal if for all (t’, t’,..., t”) E 
T, x T, x --xT,,uEt’@t*@-- at”. 
Proposition 1 asserts that n, is n-universal. The set of principal n-universal 
vectors is denoted U,, . It is easily checked that U, = { 1 }, U, = { 3 1,22,2 1 1 }, 
;1;“,,:= {531, 522, 5211, 441, 432, 4311, 4221, 42111, 333, 3321, 3222, 
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The sum of the components in each u E U, is n*, and, in view of 
2 n-, 1 E T,, at most n of the ui can be odd. 
3. RESULTS 
Our results are based on 
LEMMA 1. For each n > 2 and all t” E T,, n E (n - 2) @ t”. 
Proof. Forn=2,21EO~21;forn=3,321E[1@311]n[l@221]. 
Take n > 4 and assume the lemma holds for n’ < n. If t” = n 1, _, , the 
desired result is obvious, so assume that max tl< n - 1. Let k = 
min{t~:t~>2), so 2<k<n-1, and note that t”Ek lk-ZWtn-k+’ for 
some tnmk+’ E T,-,+ i. Then, 
n E (n, n - l,..., n-k+2)W(n-k+l) 
cr ](n - k, n - 2,..., n-k+1)@klk~2]~[(n-k-l)@t”-kt’) 
c [(n - 2, n - 3,..., n-k)W(n-k- l)]@ [k lk-ZWtn-k+‘] 
= (n - 2) @ t”, 
where the second line uses the lemma at n’ = n - k + 1. Induction on n 
completes the proof. 
LEMMA 2. n E t’ @ t3 @ ..* 0 t” for odd n; n E t’@t”@ ..* 0 t” for 
even n. 
ProoJ Immediate from Lemma 1. 
THEOREM 1. Every p E n @ (n - 1) is n-universal. 
Proof By Lemma 2, for all (t I,..., t”) E T’ x e.1 X T,, , n @ (n - 1) G 
(t’ @ t3 @ -** @ odd i) @ (t* @ t4 @ ... @even i) = t’ @ t* 0 4’. 0 t”. 
COROLLARY (Proposition 1). n, is n-universal. 
Proof: (n, n - l,..., 2, l)+(O, l,..., n-2, n-l)=n,. 
Theorem 1 shows that many vectors besides n, are in U,. For example, 
(2n - 1, 2n - 3,..., 5, 3, 1) E U, since this is (n, n - l,..., 2. 1) + (n - 1, 
n - 2,..., 1, 0). There is, of course, no restriction that vectors in U, have only 
n positive components: (n, n - 1, n - 1, n - 2, n - 2, n - 3, n - 3 . . . . . 2, 2, 1, 
1) is in U, since this is in nW (n - 1). 
Since 42111 is in U, but is not in 3 @ 2 = (3, 2, 1) @ (2, l), Theorem 1 
does not generate all of U, for n > 3. All other u E U, are in 3 @ 2. 
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4. CONJECTURE 
Let V,, be the set of principals in P that have n positive components 
(pi = 0 for i > n) that sum to n* and satisfy 
t pi < k(2n - k) for k = l,..., n. 
i=l 
These bounds are forced by taking all t’ = 2,- 1 1; they correspond to the 
partial sums of the n-universal vector (2n - 1, 2n - 3,..., 3, 1). 
Conjecture. V, G U, . 
This cannot be established by a straightforward application of Theorem 1 
since, for example, 8,4, E U, n V6 but 8,4, G 6 @ 5. 
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